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By a ball-covering B of a Banach space X , we mean that B is a collection of open (or
closed) balls off the origin whose union contains the unit sphere of X; and X is said
to have the ball-covering property provided it admits a ball-covering of countably many
balls. This paper shows that Gδ property of points in a Banach space X endowed with the
ball topology is equivalent to the space X admitting the ball-covering property. Moreover,
smoothness, uniform smoothness of X can be characterized by properties of ball-coverings
of its ﬁnite dimensional subspaces.
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1. Introduction
There are many topics about study of the behavior of balls in Banach spaces, such as the Mazur’s intersection property,
the packing problem, the measure of non-compactness with respect to topological degree, the ball topology, etc. In this
paper, we consider ball-coverings of spheres of Banach spaces. By a ball-covering B of a Banach space X , we mean that it
is a collection of open balls (closed balls, resp.) off the origin in X whose union contains the sphere of the unit sphere S X .
We say that X has the ball-covering property if it admits a ball-covering of countably many balls. In the recent years, the
study of the ball-covering property of Banach spaces has also brought mathematicians attention, and such property has
been intensively studied in [3–8,11,13–16,20,21].
Clearly, a family of open (closed) balls B ≡ {B(xi, ri)}i∈I ({B¯(xi, ri)}i∈I ) forms a ball-covering if and only if it satisﬁes
(i) S X ⊂ ⋃B and (ii) ‖x‖ > 0 for all x ∈ ⋃B (‖xi‖ > ri , for all i ∈ I), where B(x, r) (B¯(x, r)) denotes the open (closed)
ball centered at x with radius r. For the (open) ball-covering B, its radius is deﬁned by r(B) ≡ sup{ri: B(xi, ri) ∈ B}. If, in
addition, inf{‖x‖: x ∈⋃B} α, then we say that B is α-off the origin. In this paper, we show that several topological and
geometric properties of a Banach space X , for example, Gδ-point in the ball topology bX , smoothness, can be characterized
via ball-coverings.
The letter X will always be a Banach space and X∗ its dual. We denote by BX and S X , the closed unit ball and the unit
sphere of X , resp. B(X) (Bmin(X)) always stands for a ball-covering (minimal ball-covering) of X ; we also write simply B
(Bmin) for B(X) (Bmin(X)) if it does not lead to confusion. For any set A, A# denotes the cardinality of A. Ω will be the
closed ball of the Euclidean space Rn .
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every point in X is a Gδ point if and only if X has the ball-covering property. This further implies every bX -compact set
is sequentially compact. In Section 3, we characterize smoothness and uniform smoothness via ball-coverings of its ﬁnite
dimensional subspaces.
2. The ball-covering property and the ball-topology
In this section, we will show that for a Banach space X endowed with the ball topology bX , every point of X is a
Gδ point if and only if X has the ball-covering property. Therefore, this combining with results of [6,8–10] implies that a
Banach space X can be renormed such that every point is a bX -Gδ point if and only if X∗ is w∗-separable; and that if X
admits the ball-covering property, then every bX -compact set is sequentially compact.
The notion of topology bX for a Banach space X was introduced by G. Godefroy and N.J. Kalton [12] for discussing the
question of uniqueness of a compact Hausdorff “consistent” topology and relations to the unique predual property.
Let B¯(x, r) be the closed ball {u: ‖u − x‖ r}. A point x0 ∈ X has a bX base of neighborhoods of the form
V = X
∖( n⋃
i=1
B¯(xi, ri)
)
,
where x1, . . . , xn ∈ X , n ∈ N and ‖x0 − xi‖ > ri . The ball topology bX has the following property [12, p. 197].
(1) For ﬁxed y ∈ X the map x → x+ y is bX -continuous;
(2) For ﬁxed λ > 0 the map x → λx is bX -continuous;
(3) The map x → −x is bX -continuous.
We say that X has the ball-covering property if it admits a ball-covering of countably closed balls [3]. In [5], X is said to
have ball-covering property if it has a ball-covering of countably many open balls. The following result says the two notions
are equivalent.
Proposition 2.1. Suppose that X is a Banach space.
(a) If X admits a ball-covering B1 ≡ {B(xi, ri)}∞i=1 of countably many open balls, then it possesses a ball-covering B2 ≡ {B¯(yi, si)}∞i=1
of countably many closed balls with y j ∈⋃∞i=1R+xi , for all j ∈ N;
(b) If X admits a ball-covering B1 ≡ {B¯(xi, ri)}∞i=1 of countably many closed balls, then it has a ball-covering B2 ≡ {B(yi, si)}∞i=1 of
countably many open balls with y j ∈⋃∞i=1R+xi , for all j ∈N.
Proof. It suﬃces to show (a). Suppose that B ≡ {B(xi, ri)}∞i=1 is a ball-covering of open balls of X . Note for each i ∈ N,‖xi‖ − ri  0. For each ﬁxed n ∈ N, let
Bi,n =
{
z ∈ X: ‖z − nxi‖
(
n − 1
n
)
‖xi‖
}
.
Since S X ⊂⋃B, for every x ∈ S X , there is i ∈ N such that ‖x − xi‖ ≡ (1 − δ)‖xi‖ < ri for some 0 < δ  1. Now, we claim
x ∈⋃∞n=1 Bi,n . Otherwise, for all n ∈N,
‖x− nxi‖ >
(
n − 1
n
)
‖xi‖, or equivalently,
∥∥∥∥1n x− xi
∥∥∥∥>
(
1− 1
n2
)
‖xi‖.
On the other hand∥∥∥∥1n x− xi
∥∥∥∥ 1n‖x− xi‖ + n − 1n ‖xi‖ = 1− δn ‖xi‖ + n − 1n ‖xi‖
=
(
1− δ
n
)
‖xi‖ <
(
1− 1
n2
)
‖xi‖
for all suﬃciently large n ∈N. This is a contradiction. 
For a convex function f deﬁned on the space X , its subdifferential mapping ∂ f : X → 2X∗ , is deﬁned by
∂ f (x) = {x∗ ∈ X∗: 〈x∗ y〉 f (x+ y) − f (x), ∀y ∈ X}.
If, in addition, f is continuous, then ∂ f is everywhere non-empty w∗ compact convex valued and norm-w∗ upper semi-
continuous.
The following result is useful in this sequel.
876 L. Cheng et al. / J. Math. Anal. Appl. 377 (2011) 874–880Lemma 2.2. (See [5].) Suppose that X is a Banach space, I is an index set with I# =m, and {xi}i∈I ⊂ S X . Then B ≡ {B(yi, ri)}i∈I forms
an open ball-covering of X for some yi ∈ R+xi with ‖yi‖  ri for all i ∈ I if and only if for every selection φ of the subdifferential
mapping ∂‖ · ‖, {φ(xi)}i∈I positively separates points of X , that is, supi∈I 〈φ(xi), x〉 > 0 for every x = 0 in X.
The following theorem says that the ball covering property and the Gδ property of the ball topology are equivalent.
Theorem 2.3. Suppose that X is a Banach space endowed with the ball topology. Then every point in B X is a bX -Gδ point if and only
if X has the ball-covering property.
Proof. Necessity. Since 0 is a bX -Gδ point, there is a sequence {Vn} of bX -neighborhoods of 0 such that {0} =⋂n Vn . For
each n ∈N, let Vn = X \ (⋃p(n)i=1 B¯(n)i ) for some p(n) ∈ N, B(n)i ≡ B(x(n)i , r(n)i ). Then
BX \ {0} = BX
∖(⋂
n
Vn
)
=
∞⋃
n=1
(BX \ Vn) =
∞⋃
n=1
p(n)⋃
i=1
B¯(n)i .
Therefore, {B¯(n)i }1ip(n),n∈N is a ball-covering of countably many closed balls.
Suﬃciency. Since the ball topology is translation invariant, it suﬃces to show that 0 is a Gδ point. Since X has the
ball-covering property, Proposition 2.1 allows us to assume that it admits a ball-covering of countably many closed balls,
say, B = {B¯(xi, ri)}∞i=1. Then ‖xi‖ > ri (> 0) for all i ∈ N. Let yi,k = 2kxi , ri,k = (2k − 12k )‖xi‖. Clearly, 0 is not in B¯(yi,k, ri,k)
and B¯(xi, ri) ⊂ B(yi,k, ri,k) for all suﬃciently large k. Thus B1 = {Bi,k}∞i,k=1 is also a ball-covering of open balls, where
Bi,k ≡ B(yi,k, ri,k) for all i,k ∈N.
For any x ∈ BX , x = 0, choose a selection ϕ ∈ ∂‖ · ‖ such that〈
ϕ(xi), x
〉= min
x∗∈∂‖xi‖
〈
x∗, x
〉
, ∀i ∈ N.
Then Lemma 2.2 implies there exists j such that〈
ϕ(x j), x
〉≡ α > 0.
Let x = βx j + h for some h ∈ ker x∗j , where β = α/‖x j‖. Then
∥∥2kx j − x∥∥− r j,k = 2k
∥∥∥∥x j − 12k x
∥∥∥∥−
(
2k − 1
2k
)
‖xi‖
= ‖x j −
1
2k
x‖ − ‖x j‖
1
2k
+ 1
2k
‖x j‖ → max
x∗∈∂‖x j‖
〈
x∗,−x〉
= − min
x∗∈∂‖x j‖
〈
x∗, x
〉= −〈ϕ(x j), x〉= −α < 0.
This says that x in B(y j,k, r j,k) for all suﬃciently large k ∈N. Thus⋂
i,k1
(BX \ B¯ i,k) = {0}
and which completes the proof. 
Recall a point in a topological space is said to be a Gδ-point if it can be represented as the intersection of sequence
of open sets. We will show that if X∗ is w∗-separable then X admits an equivalent norm such that every point in X is a
bX -Gδ-point. We need the following lemma which is a consequence of a generalized Pelzýnski theorem for bi-orthogonal
systems and a renorming theorem, both they are presented in [7].
Lemma 2.4. Suppose that (X,‖ · ‖) is a Banach space and X∗ is w∗-separable. Then for every ε > 0 and for any inﬁnite dimensional
separable closed subspace Y ⊂ X, there exist an equivalent norm | · | on X, a bi-orthogonal system {x j, x∗j } ⊂ Y × X∗ such that
(i) (1+ ε)−1|x| ‖x‖ (1+ ε)‖x‖ for all x ∈ X ;
(ii) ‖x j‖ = 1 and ‖x∗j‖ 1+ ε, for all j ∈ N;
(iii) span{x j}∞j=1 is dense in Y and span{x∗j }∞j=1 is w∗-dense in X∗;
(iv) The new norm is Fréchet differentiable at x j with d|x j | = x∗j for all j ∈ N.
Theorem 2.5. If X∗ is w∗-separable, then for every ε > 0 there exists an equivalent norm such that, with respect to the new norm,
every bX -compact set in B X is bX -sequentially compact.
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separable, by Lemma 2.4, for every ε > 0 there exist an equivalent norm | · | on X , a bi-orthogonal system {x j, x∗j } ⊂ Y × X∗
such that
(i) (1+ ε)−1|x| ‖x‖ (1+ ε)‖x‖ for all x ∈ X ;
(ii) ‖x j‖ = 1 and ‖x∗j‖ 1+ ε, for all j ∈ N;
(iii) span{x j}∞j=1 is dense in Y and span{x∗j }∞j=1 is w∗-dense in X∗;
(iv) The new norm is Fréchet differentiable at x j with d|x j | = x∗j for all j ∈ N .
(iii), (iv) and Lemma 2.2 together imply that (X, | · |) admits the ball-covering property. Therefore, by Theorem 2.3, every
point in X is a bX -Gδ point. Since x∗j ( j = 1,2, . . .) are w∗-strongly exposed points of B(X∗,|·|) , they are bX -continuous [8].
Since {x∗j }∞j=1 separates points of X , the locally convex topology τ on X generated by {±x∗j }∞j=1 is necessarily Haus-
dorff. Therefore, (BX ,bX ) is a Hausdorff space. Thus, every bX -compact set K in BX is regular. Therefore, by Fabian [11,
Lemma 2.1.1], K is necessarily bX -sequentially compact. 
Note that X has the ball-covering property implies that X∗ is w∗-separable. The following result can be deduced imme-
diately from Theorems 2.3 and 2.5.
Corollary 2.6. A Banach space can be renormed such that every point is a bX -Gδ point if and only if X∗ is w∗-separable.
3. Smoothness and uniform smoothness
In this section, we show several characterizations of smooth and uniformly smooth Banach spaces via ball-coverings of
their ﬁnite dimensional subspaces.
The following statements are either classical or easily to be followed (see, for instance, [9,10,18]).
Proposition 3.1. Suppose that f is a continuous convex function deﬁned on X. Then
(i) ∂ f is always non-empty valued and norm-w∗ upper-semicontinuous at each point x ∈ X ;
(ii) f is Gâteaux (Fréchet) differentiable at x if and only if ∂ f is single-valued and norm-w∗ (norm–norm) upper-semicontinuous
at x;
(iii) f is uniformly Fréchet differentiable on A if and only if ∂ f is uniformly norm-norm continuous on A.
Proposition 3.2. (See [17].) X is uniformly smooth if and only if limt→0 X (τ )/τ = 0.
The following two lemmas will be frequently used in this sequel and their proofs are easy.
Lemma 3.3. Suppose that dim X = n < ∞. Then there exist a norm | · | on Rn and a linear isometry T : (Rn, | · |) → X, such that
‖a‖∞  ‖Ta‖ = |a| ‖a‖1, ∀a ∈ Rn.
Lemma 3.4. Every bounded set in Lip(Ω) is relatively compact in C(Ω).
The following theorem will show the characterization of smooth Banach spaces via ball-coverings of their ﬁnite dimen-
sional subspaces.
Theorem 3.5. X is a smooth Banach space if and only if for any n ∈ N, {x∗j }nj=0 ⊂ S X∗ and {x j}nj=0 ⊂ S X satisfying 〈x∗j , x j〉 = 1,
and for any subspace Y ⊃ {x j}nj=0 with {x∗j }nj=0 positively separating Y , there is a ball-covering {B(y j, r j)}nj=0 of Y , with y j ∈ R+x j ,
0 j  n.
Proof. If X is smooth, then Lemma 2.2 implies that for any n-dimensional subspace Y of a smooth Banach space X , if
{x j}nj=0 ⊂ S X , {x∗j }nj=0 ⊂ S X∗ with x∗j ∈ ∂‖x j‖ and with x j ∈ Y such that {x∗j }nj=0 positively separating points of Y , then Y
admits a ball-covering of the form B ≡ {B(y j, r j)}nj=0, for some y j ∈R+x j with 0< r j  ‖y j‖.
Conversely, if X is non-smooth, then there exist x0, y0 ∈ S X and u∗, v∗ ∈ ∂‖x0‖ such that 〈u∗, y0〉 > 0> 〈v∗, y0〉. Fix any
n-dimensional subspace Y containing x0 and y0. Clearly, x0 is not a smooth point in Y .
Now, we restrict u∗ and v∗ to the subspace Y , and again denote them by u∗ and v∗ . Then
u∗, v∗ ∈ ∂‖x0‖Y ⊂ SY ∗ .
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such that:
(a) {x∗1, . . . , x∗n} are aﬃnely independent;
(b) the interior of co{x∗1, . . . , x∗n,u∗} contains 0;
(c) x∗j ∈ ∂‖x j‖Y , for all 1 j  n.
Let x∗0 = u∗ . Then (b) implies that {x∗j }nj=0 positively separates the points of Y . Let {y∗j }nj=0 and v∗ be the norm preserved
extension of {x∗j }nj=0 and v∗ , resp. Then, y∗j ∈ ∂‖x j‖ for all 1 j  n and y∗0, v∗ ∈ ∂‖x0‖.
Finally, we deﬁne a selection φ of the subdifferential mapping of the norm satisfying φ(x j) = y∗j for 1  j  n
and φ(x0) = v∗ . Then {φ(x j)}nj=0 does not positively separate points of Y , since it is contained in the half space
{x∗ ∈ X∗: 〈x∗, y0〉  γ < 0}. By Lemma 2.2, Y does not admit an open ball-covering of the form {B(y j, r j)}nj=0 for any
y j ∈ R+x j with r j  ‖y j‖. 
Given a Banach space X , n ∈ N and Y ⊂ X with dim Y = n, then by Lemma 3.3, there exist (Rn, | · |) and a linear isometry
T : (Rn, | · |) → Y , such that
‖a‖∞  ‖Ta‖ = |a| ‖a‖1, ∀a ∈ Rn.
Let Xn be the collection of all n-dimensional spaces of the form (Rn, | · |) satisfying the condition above, and let Nn be the
set of all norms on the corresponding spaces in Xn . By Lemma 3.4, Nn is a relatively compact set in C(Ω), where Ω is
again the closed unit ball of the Euclidean space Rn .
We say that a family F of norms on a Banach space X is equi-(strongly) smooth if every element in F is Gateaux
(Fréchet) differentiable and the set of their Gateaux (Fréchet) derivatives DF is equi-continuous on S X with respect to the
original norm.
Lemma 3.6. Suppose that X is a Banach space. Then the following statements are equivalent.
(i) X is uniformly smooth;
(ii) Nn is equi-smooth for every n ∈ N;
(iii) Every norm in the norm closure of Nn in C(Ω) is smooth on Rn, ∀ n 1;
(iv) Every norm in the norm closure of N2 in C(Ω) is a smooth norm on R2 .
Proof. (i) ⇒ (ii). Since X is uniformly smooth and since every element in Xn is isometric to an n-dimensional subspace
of X , Nn is necessarily equi-smooth.
(ii) ⇒ (iii). By Lemma 3.4, both Nn and DNn are relatively compact, since Nn is equi-smooth, where DNn denotes
the set of derivatives of all elements in Nn restricted to ∂Ω , the sphere of Ω . Let | · | be a norm on Rn and a sequence
{| · |m} ⊂ Nn such that | · |m → | · |. We denote by D| · |m the derivative of | · |m on ∂Ω . Then there is a subsequence of
{D| · |m} (again denoted by {D| · |m}) such that it converges to a continuous mapping f uniformly on ∂Ω , and further we
obtain f = D| · |.
(iii) ⇒ (iv). It is trivial.
(iv) ⇒ (i). Clearly, X is smooth under the hypothesis that N2 consists of smooth norms on R2. Suppose, to the contrary,
that X is not uniformly smooth. Then there exist two sequences {um} and {vm} in S X and δ > 0 with ‖um − vm‖ → 0 such
that ∥∥u∗m − v∗m∥∥Xm > δ, ∀m ∈ N,
where Xm ≡ span{um, vm}, u∗m and v∗m denote the Gâteaux derivatives of the norm of X at um and vm , resp. Let (R2, | · |m)
be the space in N2 which is isometric to Xm such that
‖ · ‖∞  | · |m  ‖ · ‖1 on R2.
Relative compactness of N2 in C(Ω) implies that there is a subsequence of {| · |m}, again denoted by {| · |m}, such that
| · |m → | · | for some norm | · | on R2.
We claim that | · | is not smooth. Indeed, since (R2, | · |m) is isometric to Xm , ‖u∗m − v∗m‖Xm > δ implies that there are
two sequences {am} and {bm} with |am|m = |bm|m = 1 and |am − bm| → 0 such that∣∣a∗m − b∗m∣∣m > δ,
where a∗m = D|am|m , b∗m = D|bm|m (the derivative of | · |m at am and bm , resp.). It is not diﬃcult to observe that for any limit
point a of {am}, we have |a| = 1 and the point a is not a smooth point of | · |. 
Suppose that Y ⊂ X is a subspace, a bounded subset A ⊂ X∗ is said to be an α-norming set of Y for some α > 0, if
σA(y) ≡ supx∗∈A〈x∗, y〉 α‖y‖ for all y ∈ Y .
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ﬁnite dimensional subspaces.
Theorem 3.7. X is a uniformly smooth Banach space if and only if for any n ∈ N, {x∗j }nj=0 ⊂ S X∗ and {x j}nj=0 ⊂ S X satisfying
〈x∗j , x j〉 = 1, and for any subspace Y ⊃ {x j}nj=0 such that {x∗j }nj=0 is α-norming Y , there exists a ball-covering {B(y j,‖y j‖ − α2 )}nj=0
of Y , with y j ∈R+x j .
Proof. Suppose that X is a uniformly smooth Banach space. Assume that Y is an n-dimensional subspace of X , {x∗j }nj=0 ⊂ S X∗
is an α-norming set of Y , and assume {x j}nj=0 ⊂ SY such that 〈x∗j , x j〉 = 1. Then x∗j ∈ ∂‖x j‖. Since X is uniformly smooth,
the modular of smoothness X satisﬁes X (τ )/τ → 0, as τ → 0+ . We choose λ > 0 such that
X
(
2
λ − 1
)
<
1
λ − 1
α
2
.
Let B j ≡ B(y j,‖y j‖ − α2 ), with y j = λx j , for j = 0,1, . . . ,n. We show that B ≡ {B j}nj=0 is a ball-covering of Y . In fact, for
each y ∈ SY , there is x∗j such that 〈x∗j , y〉 ≡ γ  α. Therefore, there exists h ∈ Y with 〈x∗j ,h〉 = 0 and ‖h‖  2 such that
y = γ x j + h. We assert that y ∈ B j . Otherwise,
λ − α
2
 ‖y j − y‖ =
∥∥(λ − γ )x j − h∥∥.
Let τ = 1/(λ − γ ). Then
‖x j − τh‖ − ‖x j‖
τ
− γ −α
2
.
Note ‖x j + th‖ 〈x∗j , x j + th〉 = ‖x j‖ = 1, ∀t ∈R.
Since X (τ )/τ is nondecreasing in τ ∈R+ ,
X (
2
λ−1 )
1
λ−1
 X (2τ )
τ
 2‖x j + τh‖ + ‖x j − τh‖ − 2
τ‖h‖
 2‖x j − τh‖ − 1
τ‖h‖ 
‖x j − τh‖ − 1
τ
 γ − α
2
.
Therefore
X
(
2
λ − 1
)
 (λ − 1)−1
(
γ − α
2
)
 (λ − 1)−1α
2
.
This is a contradiction.
Conversely, suppose that X is not a uniformly smooth Banach space. Then by Lemma 3.6(iv), there exist a sequence
{| · |m} in N2 and a non-smooth norm | · | on R2 such that | · |m → | · |. For every m ∈ N, let (R2, | · |m) be the space
in X2 (corresponding to the norm | · |m). For every n  2, let (Rn,‖ · ‖m) be a space in Xn which isometrically contains
(R2, | · |m). Since ‖ · ‖m ∈ Nn , there exist a norm ‖ · ‖ on Rn and a subsequence of {‖ · ‖m} denoted again by {‖ · ‖m} such that
‖ · ‖m → ‖·‖. Clearly, (Rn,‖ · ‖) is not a smooth space. By Theorem 3.5, there exist {x j}nj=0 ⊂ S(Rn,‖·‖) and {x∗j }nj=0 ⊂ S(Rn,‖·‖)∗
with x∗j ∈ ∂‖x j‖ such that {x∗j }nj=0 positively separates points of Rn (hence, {x∗j }nj=0 is an α-norming set for some α > 0)
and (Rn,‖ · ‖) does not admit an open ball-covering of the form {B(y j, r j)}nj=0 for any y j ∈R+x j with r j  ‖y j‖.
Note ‖ · ‖m → ‖ · ‖ uniformly on Ω . It is not diﬃcult to show that (Rn,‖ · ‖m) does not admit an open ball-covering
{B(y j,‖y j‖m − α2 )}nj=0 with y j ∈ R+x j, with respect to the norms ‖ · ‖m for suﬃciently large m ∈ N. Let Y be an n-
dimensional subspace of X such that it is isometric to (Rn,‖ ·‖m). Then Y is just a such subspace admitting no ball-covering
of the form {B(y j,‖y j‖ − α2 )}nj=0 with y j ∈ R+x j . 
Remark 3.8. We should mention here some interesting results concerning nested sequence of balls. The ﬁrst one by
L.P. Vlasov [19] says that dual space X∗ is rotund if and only if the union of any unbounded nested sequence of balls
in space X is either the whole of of X or an open aﬃne half-space; and the second one by Beauzamy and Maurey [2] which
says that X is smooth if and only if the union of any unbounded nested sequence of balls whose centers lie on a straight
line through the origin is either the whole of X or an open aﬃne half-space. While a beautiful exposition elaborating the
two geometrical properties above is due to Bandyopadhyay, Fonf, Lin and Martin [1]. They show that the union of any
unbounded nested sequence of balls whose centers (a) lie on a straight line through the origin or more generally (b) lie
in a ﬁnite dimensional subspace, is always a cone, and that a Banach space is ﬁnite dimensional if and only if for every
equivalent norm the union of each unbounded nested sequence of balls is a cone.
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